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Optimal Low-Thrust Orbital Rendezvous

Al. Marinescu
Institute of Fluid Mechanics and Aerospace Constructions, Bucharest, Romania

The minimum propellant optimal rendezvous maneuver of two cosmic vehicles on circular and elliptical orbits is
examined. It is assumed that the target without propulsion moves on an orbit around the Earth or other planets
as a satellite, and the tracking vehicle with variable thrust propulsion moves on a close orbit. The problem of the
determination of the optimal laws of variation which characterize the minimum propellant orbital rendezvous is
formulated as an extremum variational problem with constraints, where the linear motion equations of the
tracking vehicle are considered. On the basis of the optimal laws -established in this manner numerical ap-

plications of practical interest are carried out.

Nomenclature

OXZY =system of planetocentric inertial co-
ordinate axes (Fig. 1)

Axzy = orbital system of coordinate axes related
to the target

X,Z,Y =coordinates of the tracking vehicle in

. the Axzy system

ro(t) =vector radius of the target

Top =vector radius at perigee

R =radius of the circular orbit

d =distance of the tracking vehicle B to the
target A

r =focal parameter of the target orbit

& =eccentricity of the target orbit

o () =true anomaly of the target

t =time

T =duration of the combustion

W = gravitational parameter

w=(u/R%) " =angular velocity of the target (circular
orbit) )

Vo V,V, =components of the tracking vehicle
relative velocity in the Axzy system

ay,a,,a, =components of the acceleration due to
thrust in the Axzy system

88,8y =components of gravitational ac-
celeration in the Axzy system

To1,92 =coordinates of the target at the end of

Yo te the maneuver (junction)
om — 2 3
1= ﬁl—;—% = mean coordinates of the target
AR, Mg = Lagrange multipliers

Introduction

PACE maneuvers exploiting variable low thrust

propulsion have -many applications. Ref. 1 cites many of
these, of which orbital rendezvous maneuvers are of major in-
terest. Reference 1 presents optimal transfers without giving
details on the orbital rendezvous.

In Ref. 2, a synthesis is presented of the optimal rendezvous
maneuvers in various reference systems, but the stress is laid
on maneuvers with impulses. The study of minimum
propellant optimal rendezvous maneuvers of vehicles with
variable thrust propulsion installations in orbital references
systems is the object of the Refs. 3-9.

The variational problem is formulated in various ways in
Refs. (3-5) and Refs. (6-9). References 6 and 7 considered time
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as an independent variable and formulated the variational
problem of the minimum propellant rendezvous maneuver
first on circular orbits® and then on any conical orbit’ as a
problem of extremum with constraints with fixed extremities.
These references have substantiated the variational problem,
but do not yield results of practical interest. References 8 and
9 use the same formulation and substantiate the nonlinear
theory in which however the complexity of calculation does
not justify the gain over the linear theory.

The present analysis develops and complétes the work of
Refs. 6, 7, and 9 in the frame of the linear theory, i.e.,
analytic solutions for the minimum propellant optimal ren-
dezvous on circular and elliptical orbits are obtained for both
the motion parameters and the components of acceleration
due to thrust. The work is carried out by using the following
assumptions:

The target A without propulsion installation, and the
tracking vehicle B equipped with propulsion installation move
on close orbits around the planet, the distance d between them
being very small with respect to r, (Fig. 1).

The influence of aerodynamic forces and of the per-
turbations of other planets are neglected and it is considered
that the vehicles move in a Newtonian field.

Variational Problem
In Ref. 7 it was shown that the variational problem of the
minimum propellant optimal rendezvous maneuver on any
conical orbit reduces to finding the minimum of the func-
tional

7= @z +at +adrar )
with the conditions
dt
¢, =——=V,.=0 (2a)
dx
dv, up (up) " 2u86
¢2=—d_tx_;o7x_2Vz ro +r—o7zsmqa
+ a a,=0 (@b)
“[x2+(r0+z)2+y2]3/2 x =
dz
¢'3—a; V.=0 Q2o
dv, u  pp (wp) "
= BB,
b4 At ry? r04z ro?
+
——5xsine+p To72 —a,=0 (2d)

To [x2+(r0+z)2+y2]3/2
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Fig. 1 Relative position of the tracking vehicle B in the orbital
system Axzy. .

dy
¢5=d—t—Vy=Q | (2e)
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~-a,=0 @

The nonlinear problem thus formulated, where the ac-
celeration due to thrust has no restrictions was resolved by a

successive approximation procedure for rendezvous on cir--

cular and elliptical orbits in Refs. 8 and 9, having shown that
for durations of maneuvers of practical interest the dif-
ferences with respect to the linear problem are small.
Therefore, we restrict ourselves only to the rendezvous on cir-
cular and elliptical orbits, carrying out the developments
within the frame of the linear theory. Let us first consider the
case of the optimal rendezvous maneuver on circular orbits.
Under the conditions 2), we set §=0, p=v,=R and w=pu/
R3) " and consider instead of nonlinear components of the
gravitational acceleration the linear components. On in-
troducing Lagrange multipliers A;,v,,...,As and reducing the
problem of extremum with constraints, to one of extremum
without constraints,® after performing the calculations, we
get the following system of differential equations of the ex-
tremals ’

dx dz dy

F7 = p‘a = Vz;a =V, (3a)
av,

"d—t =20V +a, (3b)
av, ,

O =-2wV,+3w’z+ta, (39)
av,

FIZ =—wly+a, (34d)
dA dx ,

—dt—’ 20’?:2 ==\ 420\, 3e)
da

d—; =—3w?\, @3H
dx, ‘

@ T T Ge)
dA dA

—de =w2>\6;d—t6 =—As (3h)
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and the algebraic equations
2a,—N;=0;2a,~N;=0; 2a,—Ns=0 4

With regard to the optimal rendezvous maneuver on ellip-
tical orbits, by setting in conditions 2) ry=r,,, = const., sin ¢
= sin ¢,, = const. (an acceptable approximation in the junc-
tion phase for moderate eccentricities of the target orbit or in
the terminal and junction phases for small eccentricities of the
target orbit), we obtain in the same manner after performing
the calculations the following system of differential equations
of the extremals

dx dz dy

—=V,—=V,—= Sa
dt " Pdt Tt Yy )
dv,
d_tx =oyx—oaz+tazV, +a, (5b)
d—tz =a2x+612_a3 ny+az (SC)
drv,
P Dl (5d)
dA '

_521_ =—a A~z ‘ (5¢)
da
—dti ==\, 4+ a3\, (59
dx

'at_3 =aA =By (5g)
dA
—d_: =—oa3zhy— A3 (5h)
d\ d\ .
_d_;_ =7, Nss E? =—)\s (5i)

o azz(up)%_ 7='M
! "ofn "ofn’ ’ ro;?n ’ ! rorj;1
u& uB | 2u
= o;gn Sine; B[':E‘{-rgm
and the algebraic equations
2a,~N,=0; 2a,—N;; 2a,—Ns=0 ©6)

It may be easily proved that by setting in system>&=0, p=
rom=Rand w= (u/R’) ”* we obtain the system (3). In Refs. 6
and 9 it was proved on the basis of the Legendre condition
that, both for the optimal rendezvous maneuver on circular
obrits and for the optimal rendezvous maneuver on elliptical
orbits, the functional' is indeed minimum along the ex-
tremals.

Minimum Propellant Rendezvous
Maneuver on Circular Orbits

The study of this maneuver approached by another way in
Ref. 3 whose merit we stress, has not been finished. In order
to determine the complete functions a, (¢), a, (¢), a, (1), V,
(), V, (), V, (1), x (1), z (), y (1), which characterize
this maneuver, we use the system of differential equations (3)
and the algebraic equations (4). From the last six equations (3)
we deduce ‘

d\

7; =2Jwh, — K, (7a)
d’x,

ar + i =2uK; (7b)
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d?xg
dt?

+wr,=0 (79)

‘whose solutions, taking account of (4) lead to the following
expressions of the acceleration due to thrust

K

a,=K, sinwl— K, cos wt+3/2 K, t+ -2—‘-’ (8d)
K K, . K

a,= 2 coswt+ — sin wt+ — (8b)
2 2 w
Ks Ks .

a,= > cos wt+ 5 sin w! (8¢)

where K;, K, ....K, are integration constants. From the first
six differential equations (3) we deduce

d?v, da

dtzz +w2Vz =d_tz —2wa, (9a)
dzy

a2 +wly= a, (9b)

whose solutions taking account of Eq. (8) are

SK;t+4K, 3K K
= 5~K2t+4K7 coswt + ———‘3 8 Sin wl "'_1 t— gl
4 %) )

(10a)

K5 . K6 .
y=—tsinwt— — tcosw!+ K, coswt+ K, sin wt (10b)
4w 4w

K;, K, K,, K}, being integration constants.
With the aid of Eq. (10) and observing that from the third,
second, first, and fifth Eq. (3) we have

=SVzdt+K”; szg(szz'i‘ax)dt"‘K[z

d
=Sdet+K,3; V=2 an
we obtain
5K2t51 t 3K t cos t+(K7+5K3)sin t
= — n —_—— —_— _—
= 4w © 4w @ w  4dw? @
5K, K 3K K
+(4T§ —f>c05wt——zj't2—ft+K,, (12a)

5K 5K 3K
V.= 2 ¢sin wt — —= tcos wt + (—3 +2K7) sin wt
2 2 2w

3K 9,
+<"“_2 _2K8) COSO)I“_'4§K112_3/2K4I+K12 (12b)

2w
5K; . 5K, (41('2 2K8> .
X=——tsinwt— —— fcoswt+\| — —— ) sinw!
2w 2w w [2)
4K 2K 3 3
_(—'2;3 + 7) COS(.Ot"“KII —_K4t2+K12t+K13
w %) 4
K K
V,= 76 ¢sin wf + 75 1 cos wt (12¢)

K K
+(— —wK) sin wt+(wK10— —> cos wt (12d)
4w 4o

OPTIMAL LOW-THRUST ORBITAL RENDEZVOUS 387

It may seen that the functions a, (£), a, (¢), a, (¢), V, (1),
V. (1), V, (8), x (), z (t), y (1), which characterize the
minimum propellant optimal rendezvous on circular orbits
contain 13 arbitrary constants K;, K,, ...K;; which may be
rigorously determined from the initial conditions

x(0)=x,; Vi(0) =V (13a)
z(0)=zp ; Ve (0)=Vy (13b)
y(o) =Yo 5 Vy(0)=Vyo (13(:)

from the junction conditions

x(1)=0; ‘ V(1) =0 (14a)
W) =0; V(1) =0 (14b)
y(r)=0; V, (1) =0 (14¢)

and from the additional condition
4K1+3w2K“—2w2K12=0 (15)

which results from the condition that the solutions obtained
should verify the fourth Eq. (3) by whose derivations the thir-
teenth additional constant has been introduced. After per-
forming the calculations we obtain for the 13 constants the
following expressions

57
—A6K2——§K3 +A4,K,— A,

K, =
! A, (16a)
4, 4; Ay
K = K =__; K = —
2Ta, TTar Ty, (16b)
A,,‘ Tsinw'r,ig
4 A,
&= 2 sin? (160)
7° SIN“WT A
16wA, 3
7 8in w7 A,
K = ——K - ==
A, A, (16d)
1
K;,=V,+ ;K4 (16¢)
37 5T 57
K= K, —= ctgwrK;— —K
8 o Sin w7 1= crgwtk, K
1 clgwr
+ ('—'"—— - )K4 —cigwtV,, (16
w SIN WT 4 .
Ve K
Ko=yo; Kp=—7+ —6 (16g)
w 4w?
37 57 5 57 2
Kjj=———K —(— t >
0= Taner 17\g ng'r+4 K,— 4wK3
1 Ctng) clgwt
+ —_ K, —
(w2 sinwr  w? T 4w Vi t+2o (16h)
2 3w
K=K+ 7 Ku (16i)
2 2
Kl3_ K3+ K4+ V20+x0 (16])

where A;, B;, A, are given in Appendix A.
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Minimum Propellant Rendezvous Maneuver
on Elliptical Orbits

In order to determine the functions a, (?), a, (¢), a, (?),
V, (1), V, (1), V, (), x (),.z (£), y (¢), which characterize
the minimum propellant optimal rendezvous maneuver on
elliptical orbits we use the system of differential equations (5)
and the algebraic equations (6).

In Ref. 9 a comprehensive study has been carried out on the
possibilities of integrating system (5), and it was pointed out
that this integration can be made in a way similar to that used
earlier for rendezvous on circular orbits. From the last six dif-
ferential equations (5), observing that «; =0 and taking ac-
count of the algebraic equations (6) we obtain

1 ((X3CI C\!2C2> 1 (a3C2 a2C1>
== inKr—— | — cos Kt
“=2\"k Uk TK?
C; Cy
—-—= I+ — 17a
3 5 (17a)
C C
a, =~ cos Kt+ = sin Kt (17b)
2 2
C. .
a,= %—5 cos®t + 76 sin @t (17¢)
where ®=vy, P=vVai—8, and C,, C;,...C; are integration
constants

With the aid of these expressions from the first six dif-
ferential equations (5) we deduce

d V 3C3 lX3C4
2 - 18
' +K°V,=Mcos Kt+Nsin Kt + P t 2 (18)
where
1 aéC} CXZK_;C] )
M=—(———— KC
2k YT TR
1 ach (12(13(:2
pen (G el )
2\ K x: TKC
and
d? Cs. C
a_t%) +o’:2y=75 cosd:t+—2iS sin &t 19)
whose solutions are
| 4 MtsnKt Nt Kt+C Kt +
= s _
T 3K cos Kt+C, cos
o;C o;C
+Cpsin K+ 2223 X324
10 Sin K2 2K? (20a)
C5tsin‘t % o 5t + C,co8df + Cysing
= — l— —
y % % S ,COS@ sSin@f (20b)

C,, Cs, Co, Cjp, being integration constants. With the
aid of (17) and (20), from the first six differential equations
(5) we get

=SVzdt+C11; x=SVth+C13 (Zla)

¥y

' d
VX=S(—agz+oz3Vz+aX)dt; v =d—)t' (21b)
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or, after performing the calculations

Nt Mt M Gy .
== sin Kt — 2K2 cosKt+(2K3 )smKt
N C a3C3 a3C4
_<2_18 +—IE~)COSKI+ K2 - K2 t+Cyy (22a)

) fcos Kt

C!2M (X3N) . (OtzN a3M
V. =< ——— )tsinK¢—
=Nk T2k )T p7 T ok

+[a<ﬁ_ﬁ+§£)+ (ﬁ &+£>]~K,
Nk* T TR )T\ ok T o2 T /1T

+[ <M+_€2_+9) (N i_“_gﬂ)] Kt
@\ g+ ¥ 3 Tr2) T\ ok T ok cos

‘a2a3C3 [3 (a2a3C4 agc‘g C3)

12K° 4K? T 2K2 4
2 .
Ol3C4 C4
_ <a2 Ci+ T >t+ Ci (22b)

)é— _ (a2N+a3M
2K*  2K°

IM C C N C C
+[°‘2(275 * 3k +1‘5§> (o + 50 + 72 ) Jsin

el 2 - S 4S8 (M C S |easi
\2K5 2k K3 Nk 2K T K?

)tsinKt— (OQM ;N

2K T oKC )tcosKt+

_apo3Cs (012013C4 a3C;s _9) 3
48K? 12K? 12K? 12

aCpy Q§C4 Cy
_<‘T + 4K2 —7>t2+C12t+C13 (22C)

C Cs .
V,= 75 tcosat + f sin@

C Cs
+ ( = —ac7) sin @t + (ac - ) cosat (22d)
4o 46

{5

In this case the functions a, (), @, (), ..... y (1), which
characterize the minimum propellant optimal rendezvous
maneuver on elliptical orbits contain 13 arbitrary constants
C;, C,, ....Cy;, which may be determined from conditions’
identical to (13) and (14) and from the additional condition

(23)

After performing the calculation we obtain for the 13 con-
stants the following expressions

8, 8 8,
C=2; C=2; =2
I 5, 2 5, 3 5, (24a)

1 /(- _ _ _
Co=— 4 (B.C,+B,C,+B,Cs - By) (24b)
7 . ’
Cs=——; Cs=4a\ow="-

=, =4 wB, 0 (240)
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Cr =20 C‘*—B, (24d)

@
Co=Vy+ 2—1533 C, (24¢)
C10=KA3CI_E&C2_(X3C3 *‘KZO (240

4K* 2K3
a;C;
= 24

1 2K? (24g)
C.= - - o, oy .
12=Ve—A,C—A1C, ~K? Co+ X Cio (24h)
C13 =x0—/i1C1 +/I2C2 +%2 Cg +I(;_23 C]g (241)

where §;, D;, B,, A, are given in AppendixB.

Numerical applications

-Numerical applications have been made for the optimal
rendezvous on a circular orbit around the earth with the
following data

Xp=9%10%m, 9x10°m; zy=2%x10°m; y,=0.9x10°m
Vo= —400m/sec, ~40m/sec; V_,=—8m/sec;

Vo= —4m/sec

R=6.678x10m; p=3.986x 10'*m?>/sec?
w=0.001158 rad/sec; 7=600— 5400 sec

and for the optimal rendezvous on an elliptical orbit with the
following data

Fop=6.616X10%m ; x9=1.8x10°m

p=6.649x10°m ; 2o=12%x10°m
&=0.005 ; Yo=0.5%x10°m
¢, =105° ; V= —5m/sec
@, =200° ; Vo= —3m/sec
u=3.986x10"*m?/sec? ; Vo= —1m/sec
7=821sec

As mentioned, the theory presented above (applicable both
in the terminal phase and in the junction phase) does not im-
pose restrictions on the magnitude of the acceleration due to
thrust. As a significant example for the rendezvous on the cir-
cular orbit Fig. 2 presents the calculated component a, of the
acceleration due to thrust for various values of the vehicle
initial distance and velocity and various combustion
durations. The maximum absolute values of a, are limited as
it may be seen in Fig. 2 to the low thrust domain
(10~ 'g—10"*g). '

In view of present-day and near future performances of
propulsion installations with variable thrust, the following
applications have been made in the domain of maximum ab-
solute accelerations due to thrust (10 ~3g— 10 ~*g). We stress
that the value 10 ~3g is mentioned in the literature as feasible
at present. ' Thus, by means of the above data for the ren-
dezvous on circular orbit, with =2700 sec, Fig. 3 represents
the components a,, a,, a, of the acceleration due to thrust
(optimal guiding program). Figure 4 gives the components
Vy, V.. V, of the tracking vehicle relative velocity and Fig. 5
the co-ordinates x, z, y of the tracking vehicle (optimal path).
By means of the data for elliptical orbit with 7=_821 sec, Fig. 6
represents the components a,, a,, a, of the acceleration due to
thrust. Figure 7 is a plot of the components V,, V,, V, of the
tracking vehicle relative velocity and Fig. 8 represents the co-
ordinates x, z, y of the tracking vehicle.
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Fig. 2 The componeat a, of the acceleration due to thrust for the
rendezvous maneuver on a circular orbit for various values of the

initial distance and velocity of the tracking vehicle and various com-
bustion durations.
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004 0o
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002 i < -0002
a, \
004 T 000
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Fig. 3 The components a,,a,, a, of the acceleration due to thrust
for the rendezvous maneuver on a circular orbit.
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Fig. 4 The components V,, V_, Vy of the relative velocity of the
tracking vehicle for the rendezvous maneuver on a circular orbit.

Conclusions

The above theory presents a method for calculating the
minimum propellant rendezvous maneuver on circular and
elliptical orbits. The solution involves the performance of the
propulsion installation with which the tracking vehicle is
equipped (on its acceleration domain and is facilitated), by a
convenient choice of the tracking vehicle initial distance and
velocity and the combustion duration (of the maneuver).

It may be observed that the optimal laws of variation of the
components of the acceleration due to thrust and those of the
motion parameters are continuous functions. The com-
ponents of the acceleration due to thrust present linear or
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Fig. 5 The coordinates x, z, y of the tracking vehicle for the ren-
dezvous maneuver on a circular orbit.
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Fig. 6 The components a,, a, a, of the acceleration due to thrust
for the rendezvous maneuver on an elliptical orbit.
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Fig. 7 The components V,, V , V, of the relative velocity of the
tracking vehicle for the rendezvous maneuver on an elliptical orbit.

almost linear variations combined with sinusoidal variations,
which make it practical to achieve automatic or even manual
control.

Appendix A
In Egs. (16) we have denoted

A[ =BIB6BII +B3BjB}g +B2B7B9 —B3B6Bg

—BIB7BIO_BZB5BII

Fig. 8 The coordinates x, z, y of the tracking vehicle for the ren-
dezvous maneuver on an elliptical orbit. .

A;=B;BsB;;+B,B;By+B,B;B,, —~ B,BsB,,
—B;B;B,y—B,B;B,

A;=B;B;B, +BIB;'BIZ +B,B;B;;—B,B;By,
—B;B;B,,—B,B;B,

Ay=B,BsBy+B,ByBy+B,BsB;;— B, BB,

_B4B5BIO _BZBSB9

3734, Srcoswr 1572
B, = +A —_— = 1,
1= a, Tt 5, clgwr
157 474 972 A,
8w  w?As 2wsinwrAj;
1574 Srsinwr 1577 4
B,= ——Apy+—— — + —
27324, 77 2w 8 | w?
4573 + 572
l16wsinwtA; 2w?Aj;
B.— 3 3rctgwt ﬁ 3734,
* 7 wsiner 2w 4 4A;
9724, 474,
2wsinwtds  w?As
3retgwr 2 3wt
B,=-""% Vit = Vgt 20+,
2 w 2
_ 912 A, 4rAg 317 Ag
2uwsinwrAs  w’As 4A ;5
_ 3rcigurA, 374, 37°A,  Stsinwr
7T w24, w?sinwrds  2wA; 4w
Scoswt  STCOSwTCligwT  STClgwT 5
4w’ 4w 4w 4w?
_I5t?ctgor 1577 1577 Ssinwr 57
bf 8w?Ajs 160A; 8Suwisinwtd;  4w? 4w
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_ 374, 3rctgwtA, 31%A, 71
77 wsinwrAss w?A; 2w0A; w
sinwT  2cfgwT  COSWTCIZWT 1
2 7+ 2 203
1) © w w?sinwr
37°A;  sinwr COSWTCIZWT
8 = t—— Vyp+t———Va
2wA s 1) w
ctgwT 3rctgwrA 374
- & Vz0+zo+ g s _ 2ot 8
w As w*sinwrA 5
B - 6retgutA; 24, 97A, 972A,
g WA w?A;  QwsinwrAs = 4A;
Srsinwr  3coswr + SrcoswrctgwT
2 2w 2
157ctgor 15
8 8w
1572ctgor 57 457172

By=

40A;  4wlA;  16wsinwrd;
4573 157 3sinwr

-+
324, 8 2w

B, = 67'ClngA 7 + 2A 7 97A 7 97'2A 7
" wA; w?As  2wsinwrA; 4A5
B, = 6TCtg(.OTA8 2A8 9TA8 97'2A8
2T wAg w?As . JwsinwrAs = 4A;
. 3ctgwr 3w
+ 2sinwtV 4 + 2coswrcigwTV -~ Vot 5 2

sinwr  7COSwWT
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4w? 4w
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4= 2 37
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A 15 + 57 ot
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6T T80 8¢
1 clgwr
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77 2wsinwr 2w
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8= <0 2 20 X0
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2w w?
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Appendix B
In Eqs. (24) we have denoted
8,=D,DyD,;;+D;D;Dy+D;DsD;,—D;D;D

D,;D;sD,; = D;DyD,

8, =D,D;D;+D3DyDyy+ Dy DDy —DyDgDy,
D;D,D;;~DyD;Dy
83=D; DD}, +D3DsD 1y +DyD7;D9—D,D;D,
—D;DsyDy~DyDsDy,
0,=D,DsD,;;+D;DgDy+D,DsD,;y—D;DgD,y
—D,D;sD;, —D,DsDy
D,=B,B,—B,B,, ; D,=B;B;,—B;B);
D;=B;B,, —BsB); ; D,=B;B;;—B;B),
D;=B,B,,—B,B,, ; Ds=B;B;s—B;sB;
D;=B;Bs—B¢B,; ; Dy=B;B;5—B;B,;
Dy=B;B;y—B,B,, ; Dy,=B;B,,—B;B,,
D, =B;By — BBy, ; D;;=B;By;—BsB,
B, =A 4 (@rcosar —sinar) + (oA 50+ COSG’T) rsinar
By=A(1V,p+yg)cosar+ (Vyo/im + yosindrr) rsinar

_ _ B .
Bs =40V, A +@y,singr— E_Z (cosar+4@A )
1

Bi=—A,+4, (1‘:—2 tasr—KA ) — A+ A

B_g-—AZ +1‘i6—A—16T 3212153 (Ia?zz +(¥3T—K14_10)
= - a3 QH03T
B6=A7—2?:< 2+a37’ KA10)+ T

- - o

B,=A4, 2%, (a7—a;—K?A,)

V. _
+K—Zzg (a,7—a;—K?Ay)

By=A, ~A;cosKr

B,=A,+ OZ:; cosKt
— Q37T a3
B”='ZK‘—2 - 21{-—4 (I-COSKT)

_ ag .
B12= 27(} (sinK7—K7)

VZO

B,;= —z,c0osK7— —Z sinkr

B =A;(a; +K?A,) — A+ A

~ Q03
B;s=-—
s 4K

(Ol3 +K2Ag) +A‘14_A16
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1T 4K6 T ak? 7T 4K+ 2K°
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4,200 o5 o

T K6 T 2K 4K?

) 2 3
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K +27(—5>SIHKT+(4K6 +E’ cosK7

) 2 3
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2 5 3ol o}
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2
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